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ABSTRACT

We give a different proof of W.C. Waterhouse’s theorem: If char F+ 2 and
AE MZn(IF) is skew-Hamiltonian, then A is symplectically similar to

-
BB forsomeB € M, (IF). His proof uses a structural idea drawn from
the study of pairs of alternating forms, while our approach is based mainly on
matrix theory. We also show that if char [F = 2, then every even-sized matrix

over Fisasumofa symplectic and a Hamiltonian.
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INTRODUCTION

Let My, (F) denote the set of all m-by-n matrices over a field IF, and char F
denote the characteristic of IF. We write M,,(IF) when m = n, and let GL,(F)
denote the set of nonsingular matrices in M, (IF). For a given symmetric or skew-
symmetric S € GL,(IF), define the linear operator ¢¢: M, (F) — M, (F)
by ¢s(A) = S7LATS, which is spectrum-preserving, involutory, and an
antihomomorphism. Suppose A € M,, (F). We say that A is Ps-orthogonal
if A is nonsingular and ¢s(A) = AL A is ¢s-symmetric if ¢s(A) = A
and A is ¢s-skew-symmetric if ¢s(A) = —A (Horn and Merino 1995). Let

0 I
Jon i = [_? On} € M,,(F). If it is clear from the context, we denote J, .
n T

by J. The ¢;-orthogonal, ¢;-symmetric, and ¢;-skew-symmetric matrices are
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also called symplectic, skew-Hamiltonian, and Hamiltonian matrices, respectively.

Ify = ‘g i] € M,,,(IF) is partitioned conformal to J, then

DT —BT].

qbf(y) = —cT AT

A B
Hence, X € My, (F) is skew-Hamiltonian if and only if X = [C AT] where B
. . S . A B
and C are skew-symmetric; X is Hamiltonian if and only if X = [C —AT] where

B and € are symmetric; and X is symplectic if and only if X = [? i] such that
ADT —BCT =1I,,and ABT and CD" are symmetric.

_[A1 Az B, B
Let A= [A:s Ay B; B,
A; € M, (FF) and B; € M, (IF). The expanding sum of A and B is given by

1B, Az'@Bz}
3®B;  A.DB,

} € M,,,(F) and B = [ } € M,,, (), where each

sma-[

If A and B are both symplectic, both skew-Hamiltonian, or both Hamiltonian, then

A H B is also symplectic, skew-Hamiltonian, or Hamiltonian, respectively.

In 1999, Fabender et al. proved that every skew-Hamiltonian A€ My, (R) is
symplectically similar to R €@ RT for some R € M,,(R) [Theorem 1]. The proof

uses Van Loan’s reduction (Van Loan 1984) and solutions to Sylvester-like equations
BX —XBT = —C where B is 1-by-1 or [g _ab] (b #0), and C is skew-
symmetric. In 2001, lkramov proved that every skew-Hamiltonian A € M,,, (C) is
symplectically similar to R €@ RT for some R € M,,(C) [Theorem 3]. The proof
proceeds by showing that A = P~1(B @ BT)P, where B is in Jordan canonical
form, and that P € GL,,,(C) has a ¢; polar decomposition. In 2005, Waterhouse
proved that if IF is a field of characteristic not 2, then every skew-Hamiltonian
A € My, (F) is symplectically similar to R @ RT for some R € M, (F)
[Theorem 3]. In the proof, F2" is completely decomposed as an orthogonal direct
sum of invariant subspaces, and a suitable change of (symplectic) basis is formed
for each invariant subspace that gives rise to the desired matrix form. In this paper,

we give a different proof of [Waterhouse 2005, Theorem 3]. We use the rational
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canonical form to obtain a basis & for an A-invariant totally degenerate subspace
of F?™ with respect to the alternating bilinear form q(x.y} : =xT]}’, and
extend S to a symplectic basis B for F2™.If T is the matrix obtained from the
columns of B, then T YAT is skew-Hamiltonian. We proceed to show that the
latter is symplectically similar to a matrix of the desired form by (i) showing that
if C € M, (F) is a companion matrix, then for any skew-symmetric D € M, (F),
there is a symmetric X such that CX — XCT = D, and by (ii) using Hartwig (1983)

[Corollary 2 of Section 4] which states that if M = [C E)’f) g] where C(f) is a

companion matrix and f (M) = 0,then C(f)X — XE = D has a solution.

Every even-sized complex matrix is a sum of a complex symplectic and a complex
Hamiltonian [de la Cruz and Paras 2020, Theorem 1]. We show that if char F = 2,
then every even-sized matrix over [F can be written as a sum of a symplectic and a

Hamiltonian over [F.

PRELIMINARIES

For the sake of completeness, we include the following discussion on symplectic
bases ([O'Meara 1978, Section 1.1] or [Kaplansky 1969, Section 1.9]). Throughout
this section, IF is a field with char [F # 2. We first show that if B € GL,,(F) is

skew-symmetric, then 1 is even.

Lemma 1. Let S € M, (IF) be skew-symmetric. Then there exists an X € GL,,(FF)
suchthat S = X (Jo €0 0,25 )X for some k = 0.

Proof. Let § = [.S'U-] € M, (F) be skew-symmetric. We use induction on 7.
If n =1, then S = [0] and for any @ € F\ {0}, we have S = [a]T[0][a].
Suppose 1 = 1 and the conclusion holds for skew-symmetric matrices of size
smaller than ™. If rank S = 0, then § = 0,,, and for any X € GL,(F), we have
S =XT"(0,)X. Suppose rank S > 0. Then there exist i,j € {1,2, ..., n} with
i #j such that —s;; = s;; # 0. Let X; € GL,(F) be a permutation matrix
such that the (1,2) and (2,1) entries of P - = XTSX, are nonzero. Partition

0
P = [PU] as P = [_‘;T ?] where A = [—Plz péz] withP12 # 0 Then 4
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—A"'B
is nonsingular and skew-symmetric. Take X5 = [ } so that
'Dn—zz In—z
A B [ —A~ 15’} [ A 05,5 }
PX, = '
2 ] On-22  In-z ~BT BTATB+C
and
12 02’ -2 A 02, -2 A DZ, -2
Q::XZTPXQZ[Tﬂ i H T T-f }:[0 ; ]
B'A I, 1l-B" B'A™B+C n-22

where D =BTA™B +C € M,_,(F)

hypothesis, there exists a ¥ € GL,_5(IF) such that YT DY = J5,. @0 0,,—2x—>

is skew-symmetric. By the induction

-1
for some k = 0.If we take X3 = [paz 2] @Y € GL,(F) then

R .= XTQX3

(L, b oo

= [0 @ ®0nas

Finally, there exists a permutation matrix Xs € GL,(F) such that
XIR}Q = Joi+2 D Op—2x-2 .

By Lemma 1, if B € GL,(F) is skew-symmetric, then rank B = 1 and there

exists an X € GL,,(F) such that B = X" J,; X for some positive integer k. Thus,
n =2k

A mapping - F* XF" = F is said to be an alternating bilinear form if q is
linear in both components and qlx,x) =0 for gy x EF" 15, ¥ € F" tpen
qa(x + y,x + ¥) = 0 which implies 4(x, ¥) = =@, ) A subspace U of F"
with alternating bilinear form q is said to be regular if for all 0#u €U there
exists a p € [J such that q(u, v) # 0; U is totally degenerate if q(U,U) = 0;
U is maximal totally degenerate if U is totally degenerate and for every totally
degenerate subspace Uy of [F™ such that U € Uy, then Uy = U. Let {e1, ... en}
be the standard basis for ", and set b;; = q(ei, ej-). Let B = [bij] € M,(F)
and let x,y € F". Then q(x,y) =x"By. Since b; =q(e;,e)=0
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and bi)’ = q(ei,ej) = —q(e-,ei) = —bﬁ-, we get B is skew-symmetric.
Thus, F™ is regular if and only if B is nonsingular. If B is nonsingular, then n
is even by Lemma 1. If B is singular, then, by Lemma 1, there exist nonsingular
X €GL,(F) and an A € My_;(F) such that X' BX = A @ [0]. Thus,
enX'B=e, (AD[0DX =0, s0 q(Xe,, y) =0 for all y € F", but
Xe, #+ 0.That is, [F™ is not regular when B is singular.

Let U be a subspace of a regular space F2™ with alternating bilinear form
q(x,¥) = xTBy.The orthogonal complement of U in F?™ is defined as

U*={x e F*"|q(x,U) = 0].

If 1q,..., U is a basis for U, we can view U* as the kernel of the surjective
linear transformation f:F2™ — FX defined by f(x)= [u1'*ux]TBx.
Hence dimU + dimU* = 2n. If U is totally degenerate, then U € U~ so
dimlU < dimU”* = 2n — dimU, and dimU = n.

Lemma 2. Suppose F2" s reqular. Let U be a totally degenerate subspace of F?n

with basis {X1,--.,Xp}. If T <M then there exists an Xy4+1 € F*™ such that
{1, -+, X0y Xp41} is linearly independent and Uy = span{xy, ..., Xp Xy 31} is
totally degenerate.

Proof. Suppose F2" js regular. Let U be a totally degenerate subspace of F2" with
basis £X1:---» Xr} If r < n, then dim(U*) = 2n — r > nand U* \ U is non-
empty. Let x,.4.1 € U\ U.Then {x4,..., X}, X;-+1} is linearly independent since
Xp41 & U = span{xy,...,x;-} and {x,...,x,.} is linearly independent. Since
U is totally degenerate and x,.4+1 € U*,we get U; = span{xy,..., X, Xp41}is

totally degenerate.
We say that IF2™ has the orthogonal splitting
F"=V, 1V, L1V

into subspaces Vi,..., V. if F2" =V, @ +- @ V. and q(VI-.l'}) = 0 whenever
L+
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Lemma 3. Let U and W be subspaces of a regular space F2n, If U is regular, then
F"=U LU fF" =U LW thenU and W are regular

Proof. Let U and W be subspaces of a regular space F2" £ U is regular, then
UnNU"={0} 5o FP"=U@U" which implies FX"=ULU" i
F"=U1 W then {0} =F") =U"+ W*, ) Uu-=w-" = {0} which

implies U and W are reqular.

We say that B = {uy,..., Uy, Vy,..., Uy} is a symplectic basis for F?™ with

respect to the alternating bilinear form q if B is a basis for F?™ such that

q(ui,uj-) =0= q(vi,vj ),and q(ui,vj) = §;; forall 4, .

Lemma 4. If U is a maximal totally degenerate subspace of a reqular F2™ with basis
{X1,...,Xn}, then there exist V1, ..., Vn € F2" such that {X1,- .-, Xp, V1, -, Yn }

is a symplectic basis for F2n,

Proof. Let U be a maximal totally degenerate subspace of a regular F2™ with basis
{x1,..., X} There exists V1 € {x3,...,%,}" such that q(x1,y1) # 0 since
otherwise span(U U{y}) is totally degenerate. Without loss of generality, q
(x1,¥1) = LletP; = span{xy, y; },whichisregular.Then F?" = P, | P and
{x3,...,%,} € P;.Since F?™ is reqular, we have P’ is regular. We can continue
to obtain vectors Vs,..., ¥, such that q(xy, Vi) = 1, P, = span{x;, v;.} is
regular,and F?™ = P, 1 P, 1L +=- 1L B,.Therefore, {X1,..., X, V1,---, Vn} is @

symplectic basis for F2™.

Let X € M,,,(IF) and X; be the ith column of X.Then X is symplectic if and only if

R I P I I T 1o
XoJxg o X%, X3 Xne1 o XXy
R R I P I T 7
ln:")‘-l ln:"ln J‘-n:"ln+1 lnjlh! _ XT,-'X=,-r _ [On jn
-T - -T - -T - -T - —_
ln+1j11 ln+1.-'rln ln+1)"ln+l J£r1+1.-'ill2n I“ 0“
-T - -T - -T - -T R
L X /Xy o XonJXp o XopfXpig o o XgpfXop

|
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i.e.,the columns of X form a symplectic basis for F2™ with respect to the alternating

bilinear form
qlx,y) = x"]y. (1)

If A € M,, (FF) is skew-Hamiltonian, we use the rational canonical form to obtain
a basis & for an A-invariant totally degenerate subspace of F?" with respect to
the alternating bilinear form in (1), and extend & to a symplectic basis B for F2n,
If T € M, (F) such that the ith column of T is the ith element of B, then T is
symplectic, and 4 is symplectically similar to T *AT.

MAIN RESULTS

Suppose char F = 2 and A € F. Let E;; € M, (FF) be such that all entries are 0
except for a 1 in the (i-f)-entry. Let Jn (D € Mn(IF) which has 4 along the main

diagonal, 1 along the superdiagonal and 0 elsewhere. Then

Jn(A)  Euy Q)
0n  Ju@T

is skew-Hamiltonian and its Jordan canonical form is J2p (/U' Hence,A(ﬂ) is not

AD) =

similar to a direct sum of two matrices.

Suppose char F#2 and A€ M,,(F) is skew-Hamiltonian. Let
my = x* + Efz_ﬂl a; x' be the minimal polynomial of A. Then the companion
matrix of my is given by
0o - 0 —ag
Clmy) =1 | (3)
k-1 '
k-1

The rational canonical form theorem guarantees that there exists an X € GL,,, (F)
such that

C(mA) O, 2n—k

4
C'Zn—k,k. G ( )

AXzX[

for some G € M,,,_ (). Let Vi be the ith column of X. Thenfor1 <i < k — 1,
we have Av; = vy Thus for 2<1=Kk we have v; =A"1p,.

Let ¥ = vy. Then the set § = {v,Av,...,A*¥ 1w} is linearly independent
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since X is nonsingular. Since A is skew-Hamiltonian, if ¥ is the alternating
bilinear form in (1), then q(x,Ay) = q(A%,Y) for au %Y EF?" pence
q(Aiv,AVv) = q(AVv,A'v) = —q(A'v, A7v) for all nonnegative integers
i,j.Since char F = 2,we have Q(AI.T?.AIT?) = Oforalli,j.Hence U :=span §

is totally degenerate.

If k = n,then § is a basis for the maximal totally degenerate subspace U of F?".
If k < n,then, by applying Lemma 2 (n — k) times, we can extend S to a basis

Sy ={vy, ., Vi, Vis1s -2 Un}

for a maximal totally degenerate subspace U; of F2", By Lemma 4, we can extend
&1 to a symplectic basis

B={v..., 0 Vi,V }

for F2" Let Q € M,,(TF) be such that its columns are the elements of B.Then Q
is symplectic and

C(n’lﬂ) Al Bl Bz

0 A, By B
-1 _ 2 3 4 (5)
Q- AQ 0 D, €, GCf
0 D, C3 (4
B, B 0 Dl}
. -1 . ~ . . 1 2 ) .
Since 7~ AQ is skew-Hamiltonian, [83 BJ and | o D,|are skew-symmetric,
€y Cz], C(imy) A,
and [Cs Cs is the transpose of[ 0 Az].Hence,

Clmy) A, B, B,
A, -B] B,

0 0 c(my™ o0 (6)
o D, Al 4

QAQ =

where By, By, D5 are skew-symmetric.

10
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Lemma 5. Suppose char F # 2. Let A € Mo, (IF) be skew-Hamiltonian and let my
be the minimal polynomial of A. There exists a symplectic Q € M,,, (IF) such that

C(?’HA) Ay By B,
A, —B] B 7)

0 0 Cc(my)™ o0

o D Al Al

where By, Bz, and D are skew-symmetric.

QAQ =

The following lemma is used to construct symplectic matrices that give rise to
some desired forms under similarity.

Lemma 6. Suppose char F # 2 and p € F[x] is monic of positive degree n. If
B € M,,(F) is skew-symmetric, then there is a symmetric Q € M, (F) such that
C@Q—-QC(P)T =B,

Proof. Suppose char F # 2 and p = X, @; x' € F[x] is monic with positive
degree n. If n = 1 and B € M, (F) is skew-symmetric, then B = [0], and any
Q € M, (F) is symmetric and satisfies C(p)Q — QC(p)T = B.

Suppose i = 1. Let §,,(FF) and K, (F) respectively denote the set of symmetric
matrices and skew-symmetric matrices in M,,(FF), and let ¥ : 8, (F) — X, (F)
be the linear transformation defined by

yX) =C@E)X —XC(p)".
We prove the lemma by showing that ¥ is onto. A basis for §,,(F) is
Bs = {Ey, E;; + Ej;

i,j=1,...,nandi< j},

while a basis for K, (IF) is
By = {EU' —Ej

i,j=1,...,nandi < j}

We show that Bg © span y(Bs).For i < m, notice that

(—Dy(Ey) = —C)E; +E;C(p)T
o - 0 ag 0 1
-1 a : .
' | By + Ey 0 1
-1 a4 —Qpy —ap vt Ty

= —Ej+10 T Ejier

L
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if] =i+ 1thenf—1<ngnq

j—i-1
1
) Z ¥ (Ei+k,j—:z—1 + E_}'—k—l,Hk)
k=0
j—i-1
1
=3 Z [—C (p) (EH:z,j—:z—l + Ej—k—l,Hk) + (EHk,j—k—l +Ej - 1,:+:«;)C(P)T]
k=0
j—i-1
1
=5 Z [_Ei+k+1,j—k—1 —Ej givke T Eivpj-i t Ej—k—l,i+k+1]
k=0
j—i-1 j-i-1 j-i-1 j-i-1
1 1 1 1
=73 Z Eitks1j-k-1 +E Z Eivkj—r 3 Z Ei ri+k +E Z Ei p—1itr+1
k=0 k=0 k=0 k=0
1 1 1 1
=Eij — Eji

The following theorem gives a characterization of a skew-Hamiltonian, up to
symplectic similarity.

Theorem 7. Every skew-Hamiltonian A € M, (FF) is symplectically similar to
Y@ YT forsomeY € M, (F) ifand only if char F # 2.

Proof. It remains to prove sufficiency. Let char IF # 2 and A € M,,, (IF) be skew-
Hamiltonian. We use inductionon 7. If 1 = 1,then 4 = [g 2] for some a € F.
Suppose 11 = 1 and the conclusion holds for skew-Hamiltonian matrices of size
smaller than 2n.Let k = deg my.If kK = n,then, by Lemma 5, A is symplectically

similar to

_ [C(my) B (8)
X= 0 Clmy ™!

12
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for some skew-symmetric B. By Lemma 6, there exists a symmetric Q such that

C(my)Q —QC(my)T =B.SetZ = [é _IQ] sothat Z 1 = [é ?] and

X, =Z1XZ=C(my) B Cclmy)". ()

Suppose k < 11.By Lemma 5, A is symplectically similar to

Clmy) A, B, B;
T
X, = 0 A, —B, B, . (10)
0 0 Cimy"™ 0
0 D A Al
Az B
for some skew-symmetric By,Bs,D. Let G = [D AT}’ which is skew-
2
Hamiltonian. By the induction hypothesis, there exists a symplectic P such that
P; P
P 1GP = E@ ET for some E. Partition P = [Pl Pz} conformal to G. Then
3 I

I, HH P is symplectic and X is symplectically similar to

I 0 0 o0 7[C€0my) A, B, B:lrr 0 0 07
v |0 P 0 —-Pf 0 4, —-B] By||0 P, 0 P
710 0o I 0 0 0 c(my)T ofj0 0 I 0
_pT T
0 —-P5 0 A 0 D AT ATI0 B 0 B
rJ 0 0 0 C(my) AP, +B,P; B, AP, + By Ry
o BT 0 —-Pf 0 AP, + B3P, —B] AP, + B;P,
o o 1 o 0 0 C(my)" 0
T T
0 —-P 0 P 0 DP,+AlP, Al  DP,+AlP,|
_ 0 Pel-T("qEPl +BSP3)_P2T(DP1 +A;P3) _Pel-TBzT_PzTAI
- 0 0 C(my)"
0 —PJ(A,P, +B,P,) + P/ (DP, + AJP,) PJBJ] +P[A]
P (4,P, + ByP,) — P/ (DP, + AJP,)
0

—P (AP, + B3P,) + P/ (DP, + AJP,)

C(m,) A B, B,
0 E -Bf 0
0 0 c(my)" o0
0 0 AT ET

b

13
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for some Az, By € My, (F). Let H = [C(gl‘*) ‘1_3] Because Mu(A) = 0,
we have my4(H) = 0. Corollary 2 Section 4 of Hartwig (1983) guarantees that
there exists an R € M}, ,—« (F) such that C(m4)R — RE = Aj. Notice that X3
is symplectically similar to

1[€Gmn,) Az By B,

1 R 0 0 I -R 0 0
v _ |01 0 o0 0 E  -Bf oflo 7 o o
) oo I 0] 0 0 Ccmy)™ oflo o 1 o0
[0 0 —RT I] 0 0 A;I’ ET 0 0 RT I
1 R 0 0][C0ma) —CmuR+A; By +B.RT B,
oI 0 0 0 E —B/J 0
~ lo o I 0 0 0 Clmy)T 0
0 0 —RT ] o 0 AJ+ETRT ET
[C(my) —C(myR+A;+RE B, + B.R" —RB/ B,
0 E _BJ 0
- 0 0 C(my)T 0
[0 0 AT+ETRT —RTC(my)™ ET
C(my) 0 B: B,
B 0 E -BJ 0
B 0 0 clmy™ o0

L0 0 0 ET]

for some skew-symmetric B € M, (FF). Lemma 6 ensures that there exists a
symmetric S € My (F) such that C(m,)S —SC(m,)" = Bs. Hence, X, is
symplectically similar to

7 0 s o][€Gmy) 0  Bs B[l 0 -S 0
v._ [0 1 0o0]f 0 E -Bf o0llo1 0 o0
®*~ o o1 0ol] o 0 ¢cmy)” offo o I 0
0 0 O I__ 0 0 0 ET 0 0 0 |
1 0 s 0][€(ng) 0 —C(my)S+Bs B,
o1 0 off O E —B/ 0
o o1 o0 0 0 Clmy)T 0
0 0 0 I__ 0 0 0 ET

14
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C(my) 0 —C(my)S+B:+SC(my)T B,
B 0 E —B] 0
B 0 0 C(my)T 0
L0 0 0 ET
C(my) O 0 B,
B 0 E —-Bf 0
N 0 0 C(my)™ 0
L 0 n 0 ETl

Finally, Iak B J2 (n—k) s symplectic and X 5 is symplectically similar to

7 0 0 01][C0ns) 0 0 Bylf1 0 0 ©
v _ [0 00 - 0 E -B/ oflo o o I
6 001 O 0 0 c(my)™ ofl0 0o I 0
7 0 0 0] 'C(mﬂ) —B, 0 0
|0 0o 0o -I 0 0 -B] E
|0 01 o0 0 0 Cimyp"™ 0
C(my) —B, 0 0
0 ET 0 0
- 0 0 Cclmy" 0
L 0 0 -B] E

which is a matrix of the form Y @ Y.

Suppose char F = 2. If A € M,,, (F) is skew-Hamiltonian, then, by Theorem 7,
there exist a symplectic P € M, (F) and an X € M,(F) such that
P 1AP = X @ XT.If R is the rational canonical form of X, then there exists
aQ € GL,(F) suchthat Q 1XQ = R.Note that Q €5 QT is symplectic and

QTTHNEAP)Q B QN =0Q'XQ)B Q"X Q")=ROR".

Hence S; =P(Q @G Q") is symplectic and S;*AS; =R @ R". Suppose
B € M,,, (F) is skew-Hamiltonian and similar to A. Then there exists a symplectic

S, € M5, (F) such that $BS;* = R @ R . Moreover, $153 is symplectic and

15
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S;1S71AS,S, = S;Y(R @ RT)S, = B.

Corollary 8. Let char F = 2 and A, B € M, (IF) be skew-Hamiltonian. Then A and
B are similar if and only if they are symplectically similar.

Let char F# 2 and S € GL,,(F) be skew-symmetric. Then there is an
X € GLy, (F) such that S = X" J;,X. Since ¢s(D) =X 1¢p,(XDX )X
for all D € M,,(F), if A,B € M,,(F) are ¢g-symmetric and similar, then
XAX ! and XBX 1 are ¢-symmetric and similar. Corollary 8 guarantees that
there exists a symplectic P € M,,, (F) suchthat P~ (XAX )P = XBX 1 Set
Q = X 1PX.Then Q is ¢ps-orthogonal,and Q "1AQ = B.

Corollary 9. Let char F# 2 and S € GL,,(FF) be skew-symmetric. Let
A,B € M, (FF) be ¢ps-symmetric.If A and B are similar; then the matrix of similarity

may be taken to be ¢h<-orthogonal.
Let Fbeafieldand A € M, (F).IfA = X + H for some symplecticX € May(F)
and Hamiltonian H € M5, (FF), then

A+ ¢;(A) =X+H+¢;(X) —H =X+ ¢;(X).

Conversely,if A + ¢;(4) =Y + ¢; () for some symplectic ¥ € My, (F), then
¢;(¥Y) — ¢;(A) = A —Y leading to

b;[0; (V) — ¢;(A)] = ¢;(4 —Y) = ¢,(4) — ¢;(V) = —[¢;(¥) — ¢, (A)].

Thus, ¢;(Y) — ¢;(4) is Hamiltonianand A = ¥ + [qf)j(Y) — q.‘)j(A)] isasum

of a symplectic and a Hamiltonian.

Lemma 10. Let F be a field and A € M, (F). Then A= X + H for some
symplectic X € M5, (IF) and Hamiltonian H € M,,(IF) if and only if
A+ ¢;(A) =Y + ¢;(Y) for some symplecticY € My, (F).

Thus, to prove that an A € M5, (FF) is a sum of a symplectic and a Hamiltonian,
it is enough to show that A + ¢;(4) = W + ¢;(W) for some symplectic
W € M,, (F).
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Theorem 11. Suppose char F # 2. If A € M5, (F) is skew-Hamiltonian, then there
exists a symplectic X € My, (F) such that A = X + ¢;(X).

Proof. Suppose char F # 2 and A € M,,, (IF) is skew-Hamiltonian. By Theorem 7,
there exists a symplectic P € M,,, (FF) such that

PlAP=G@GT
for some G € M, (F). There exists a symmetric S € GL,(F) such that
GT = S71GS ([Frobenius 1910 or Kaplansky 1969, Theorem 66]). Set

X::P[ 05”_1 ;T}P_l,and notice that
G =510 S1._ I, GS5—5G"],_
sx=rl Ol ¢ glrr=rle O =t

i.e., X is symplectic. Moreover,

—S
st o,

0, S

X+ ;%) = P[_S_l o

]P_l-I-P }P_l —P(GHRGHP L =A.
Corollary 12. Suppose char F = 2. If A € M5, (F), then there exist a symplectic

X € M,,,(F) and a Hamiltonian H € M5,,(F) suchthat A = X + H.

The preceding conclusion does not hold when char [F = 2. Suppose char

0 0
F=2 and A4 :[1 0] € M,(F), which is skew-Hamiltonian. Suppose

b
there exists a symplectic X = [: d] € My(IF) such that A = X + ¢;(X).

Then
0 0
[10:

which is a contradiction.

A:X+¢}(X):[3 b +[_dc _ab]:(aer)Ig.
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